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Abstract. We give conditions that characterize the existence of cer- 
tain finitely presented normal fibre products in the direct product of a 
group by itself. Our results apply to normal fibre products of one-relator 
groups and right angled Artin groups. We show that higher cohomolog- 
ical finiteness properties (FP n , FPoo) are inherited by the the untwisted 
normal fibre product in a direct product of n copies of certain metabelian 
or virtually solvable groups. 



1. Introduction 

Even for classes of groups for which we have a good understanding of their 
lattices of finitely generated subgroups, such as for example finitely gener- 
ated free groups, things change dramatically if one wants to look at sub- 
groups of direct products. A common reduction when studying subgroups 
of direct products is to consider only subdirect products, i.e., subgroups 
that project epimorphically onto each factor since this kind of subgroups 
is all what one needs to know if one assumes knowledge of the lattices of 
subgroups of the factors. But even the full family of subdirect products is 
too wild in general. In a series of papers, started by Baumslag-Roseblade 
and continued by Baumslag, Bridson, Miller, Short and also Kochloukova 
several features of subdirect products of groups such as free, surface or 
limit groups are considered, with a special emphasis on the problem of de- 
termining which subdirect products are finitely presented or have certain 
cohomological finiteness properties. For example, in [3], [12], [13], [22] nec- 
essary conditions are given for a subdirect product to be of one of those 
types. And in [T3] there is a sufficient condition for a subdirect product of 
arbitrary groups to be finitely presented (see also [22J). For a pro-p version 
of some of those results, see [23] . 

The 1-2-3 Theorem and its asymmetric version ([3], [J3]) give also suffi- 
cient conditions for subdirect products to be finitely presented, but in this 
case restricted to the special case of fibre products. In this paper we are 
going to consider normal fibre products of a given group G by copies of itself. 
Let N be a normal subgroup of G and p : G —■ G/N the projection map. 
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The untwisted iV-fibre product in G x G is the subdirect product 

H ■= {(51,52) G G x G =p(52)}- 

By [15] Proposition 1.2 is normal in G x G if and only if G' < iV, the 
same happens for products with more factors. Naively one could think that 
given its resemblance with the diagonal group, the untwisted fibre product 
should keep the properties of the ambient group G, and this is sometimes 
the case. For example, for N = G', if G is metabelian and finite presented, 
then so is H (|5j). Given an automorphism (p of G/N, we can "twist" one 
of the components of H via <j> and get a new group Ha, (see Section EJ). It is 
also proven in [5] that in the metabelian case the group Ha, is not necessarily 
finitely presented although in some sense "almost always is" ( [20J ) . But the 
situation is very different for other classes of groups: the results mentioned 
above imply that if G is free or a limit group then H is not finitely presented, 
nor can be any of the twisted Ha,. Here we show that other intermediate 
situations may happen. For example, there are finitely presented groups G 
for which the untwisted H for N = G' is not finitely presented, however 
there is some (f> automorphism of G/N such that Ha, is. 

To do that we use Sigma theory to understand this phenomena. In the 
case when G is finitely presented and G/N has torsion free rank 1, we show 
that there is some finitely presented normal fibre product in G x G if and 
only if X X (G) n S(G,N) / (Proposition EJH see Section H for notation) 
which is equivalent to the fact that the untwisted fibre product is finitely 
presented. However the situation is completely different if the torsion free 
rank of G/N is 2. We show (this is Theorem 13.121 below) 

Theorem A: Let N be a normal subgroup of the finitely presented group 
G with G/N of torsion free rank 2. Then there is some hnitely presented 
N-hbre product in G x G if and only if there is some [x] € S 1 (G) n S(G, N) 
with [-x] € X X (G) n S(G,N). This happens if and only if G =< t > kK 
where K is a finitely generated normal group with N < K. 

This result allows us to explore some classes of groups for which there 
is a nice way to compute Y}(G) available. This is for example the case of 
non cyclic 1-relator groups. For these groups, either T}{G) = ([27]) or 
they are 2-generated thus G/G' has torsion free rank at most 2 and T}{G) 
can be computed using what we call Brown's method. Using this fact and 
Theorem A is easy to provide examples of groups G for which the untwisted 
G'-fibre product in G x G is not finitely presented but there is some twisted 
one which is. 

The situation is similar for right-angled Artin groups. There is also a nice 
way to compute S 1 (Ga) in this case, where A is a flag complex and Ga the 
associated right angled Artin group (|27j) and we show. 

Theorem B: Let G := Ga be a right- angled- Artin group. Let V(A) be the 
set of vertices of A. Then there is some normal finitely presented G'-Gbre 
product inG x G if and only if \V(A)\ < 2\S\ for any S C V(A) such the 
subcomplex of A obtained by removing the vertices in S is disconnected and 
S is minimal with respect to that property. 
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To investigate what happens if one is interested in higher cohomological 
finiteness properties, we concentrate in the classes of metabelian and virtu- 
ally solvable groups. For metabelian groups things are as expected, i.e., any 
normal untwisted fibre product has the same properties as the original group 
as long as one assumes that the group satisfies the FP n -conjecture. This is 
a well known conjecture in metabelian groups, which has been proven in 
several cases (see Section . For the more general case of virtually solvable 
groups we consider only the property of being FPqo . We prove (Theorem 
SJ below): 

Theorem C: Let G be virtually solvable of type FPqo. Then for any m > 
any untwisted normal fibre product H of Gx J 1 }. xG is also of type FP^. 

This article was written while I was spending a semester as a visitor at 
the City College of New York. I would like to thank Sean Cleary and all 
the people in the Department of Mathematics and in the New York Group 
Theory Cooperative for their hospitality. And also special thanks to Gilbert 
Baumslag for driving my attention to the kind of problems studied here. 

2. Preliminaries in fibre products, cohomological finiteness 

and Sigma theory 

Let G be a group and put G n := G x . . . x G. A subdirect product in G n 
is a subgroup H < G n such that the restriction to H of the projection onto 
each factor is an epimorphism. By [15] Proposition 1.2, a subdirect product 
H is normal in G n if and only if (G n )' = (G') n < H. 

Recall that a group G is said to be of type FP m for m < or m = oo 
if there is a resolution of the trivial module by projective modules which 
are finitely generated up to the m-th one. And it is of type F m if it admits 
a model for the Eilenberg-Maclane space K(G, 1) with finite m-skeleton. 
Being finitely generated is equivalent to being Fj or FPi and being finitely 
presented is equivalent to being of type F2 so the properties F m are usually 
considered as homotopical higher dimensional analogues of finite presentabil- 
ity 

Question 2.1. If G has cohomological type FP m , for which normal subdi- 
rect products of G n is the same true? 

We are going to consider only a special kind of subdirect products 

Notation 2.2. Let TV be a normal subgroup of the group G and let p be 
the projection map p : G — > G/N. The untwisted A-fibre product in G n is 

H = {(gi,...,g n ) I gt G G h p(gi) = ... =p(g n )}. 

Let (pi, . . . , (p n be automorphisms of Q = G/N . They yield <p = {(pi, . . . , <p n ) 
which is an automorphism of G n /(G n )'. The ^-twisted A^-fibre product in 
G n is 

= {(gi, • • .,g n ) I 9% G Gi,(pi{p{gi)) = ... = (p n (p(9n))}- 

Observe that if we put (p = (1q, <p^[ l (p2, ■ ■ ■ , (pi l (pn), then = so when 
considering twisted fibre products we will always assume that the first com- 
ponent of <p is trivial. 
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In the particular case when fa = 1 and fa, i = 2 . . . ,n can all be lifted to 
automorphisms of G we have = c/> _1 (ff) = H. 

By normal fibre product in G n we refer to one of the groups above (twisted 
or untwisted) in the case when G' < N . 

Question 2.3. Assume that G is of type FP m (F m ) for some < m or 
m = oo. Which untwisted normal fibre products in G n are of type FP m 
(F m )? If for a given N the untwisted iV-fibre product is not of type FP m 
(F m ), when is it true for some twisted iV-fibre product in G n l 

Remark 2.4. Let G be finitely generated and G' < N . The group Q = G/N 
is finitely generated abelian. Put Q = t(Q) x L with t{Q) the torsion 
subgroup and L torsion free. Let (p G AutQ and denote by <p its restriction to 
L, which we see as an automorphism of Q acting trivially on t{Q). Let (p and 
(p be automorphisms of G and <fi := (1,9?), <fi := (1, <p). Then the subgroups 
and of G 2 have the same intersection with the finite index subgroup 
L x L thus they are commensurable. As all the properties considered in 
Question 12.31 i.e., finite generation, finite presentability, types FP m , F m are 
preserved under finite index extensions, it suffices to consider normal fibre 
products associated to automorphisms of Q acting trivially on t{Q). 

It is easy to show that if some normal fibre product in G n happens to be 
of type FP m (F m ), then the group G has the same property: 

Lemma 2.5. Let G be finitely generated and assume that for some n,m > 
some normal fibre product H in G n is of type FP m (F m ). Then G is also of 
type FP m (F m ). 

Proof. Observe that H is normal in G n and G n /H is a finitely generated 
abelian group, thus it is of type F^. The result for FP m follows with the 
same proof as in [6] Prop. 2.7. For F m , see [18], Section 7.2 Ex. 1. □ 

The main tool that we are going to use is Sigma theory so we recall here 
the main definitions needed. A character of a group G is a homomorphism 
X ■ G — > R where R is seen as an additive group. Given a character x we 
put [x] = {tx I < t G R} and let 

S(G) :={[ X ]\0^X-G^R} 

which is often useful to visualize as an k — 1-sphere where k is the torsion 
free rank of G/G'. If ./V < G is a subgroup such that G' < N, we set 
S(G,N) := {[ X ] G S(G) | X \n = 0}. Given [ X ] G S(G), consider the monoid 
G x := {g G G \ x(a) > 0}. Let m > or m = oo. If G is of type FP m , 
the homological m-th Bieri-Neumann-Renz-Strebel invariant (or m-th Sigma 
invariant for short), first defined in [U] is 

S m (G,Z) :={[ X ] :G X is of type FP m } 

for the obvious generalization for monoids of the condition of being FPqo. 
If G is FPqq we have 

gn-l 3 yP(G, Z) D . . . D S m (G, Z) D . . . 
and S°°(G,Z) = n m S m (G,Z). 
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If G is of type F m , then one can define the homotopical analog £ m (G) 
(first defined in |26j). Some of the most remarkable features of these in- 
variants are that they are open subsets of S(G) ([9]) and that they provide 
information about which subgroups over G' are also of type FP m (resp. F m ). 

Theorem 2.6. (\9\) Let G be of type FP m (resp. F m ) and G' < N < G. 
Then N is of type FP m (F m ) if and only if 

S(G,N) C £ m (G,Z). 

(This result will be heavily used throughout the paper.) 

Definition 2.7. Let !l,r C S(G) be subsets of the character sphere. We 
say that fi is 2-tame if for any [x], [u] € Q, x + v 7^ (in particular, the 
empty set is 2-tame). And we say that fi and T are relatively tame if for 
any [x] E [fj] G T we have x + M 0- 

Given two groups T and G, we may identify S(G x T) with S(G) * S(T) 
where, for A C S(G) and B C S(T), 

A * B := (A x B) U A U B. 

Assume that both T and G are of type FP m or F m . The following formulas 
are known as Meiner's inequalities ([7] Theorem 1.2) 

m 

S m (G x T, If C J S J (G, Z) c * S m ~*(T, Z) c , 
i=o 

m 

S m (G x T) c C |J SXG) C * S m -XT) C . 

i=0 

The homotopical and homological invariants are connected via 

S m (G x T) = (yT{G xT,Z)\ (S(G) U S(T))) U S m (G) U S m (T) 

(this is [7] Theorem 1.1). 

By [7J Theorem 1.5 (first proven by Schiitz), Meiner's inequalities are 
equalities if m < 3. Since we will be mostly interested in m = 2, we will 
make more explicit the above formulas in this case. Thus assuming that 
G,T are of type FP2, 

S 2 ((G x T, Z) c = (S X (G) C x E 1 (G) C ) U ({0} x £ 2 (T, Z) c ) U (S 2 (G, Z) c x {0}). 
We set 

« := U,^0 lX e S X (G) or /i G ^(T)}, 

then we have 

(1) S 2 (G xT,Z) = S]U ({0} x S 2 (T, Z)) U ({0} x S 2 (G, Z)). 
and if G,T are finitely presented, 

(2) S 2 (G x T) = O U ({0} x S 2 (T)) U ({0} x S 2 (G)). 

Although we have tried to provide all the relevant references for the results 
used, for anything related to the invariants S X (G, Z), S X (G) the reader is 
referred to the excellent survey [27j . 
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3. Finitely generation and finite presentability of normal 

fibre products 

As one can expect, the smaller the corank of a fibre product is, the closer 
properties to that of the ambient group one can get. This is formalized in 
the next result. 

Lemma 3.1. Let N be a normal subgroup of G with G < N and let ip be 
an automorphism of G/N acting trivially on t(G/N). Then there is a lift of 
<p to an automorphism (p of G/G' so that if (p = 1, then <p = l and a short 
exact sequence 

with Qi finitely generated abelian. Therefore if Hn^\ is of type FP m or F m 
for some < m or m = oo, then so is Hn^y 

Proof. Put T/N := t(G/N). As G/T is free abelian and G/G' maps onto 
it, there is some L/G' with G/G' = L/G' x T/G'. As <p is an automorphism 
of G/T, we can use this decomposition to extend it to an automorphism (p 
of G/G' acting trivially on T/G' (and in particular acting trivially in the 
torsion part of G/G'). Then Hi\$) Q Hn^y As (G n )' < Hn^y we have a 
group extension 

1 — > #(1,0) -4 H(i tip ) — >■ Qi — > 1 
with Qi an abelian finitely generated group. Therefore the assertion follows 
by [6] Prop. 2.7, [18] Theorem 7.2.21, Ex. 1 pg. 176. □ 

In particular, if the untwisted G'-fibre product is of type FP m or F m , then 
so is any untwisted normal fibre product. 

For m = 1, i.e., for finite generation the answer to Question 12.31 is easy: 

Lemma 3.2. Let G be finitely generated and n > 0. Then any normal fibre 
product in G n is finitely generated. 

Proof. By Lemma 13. II we may assume that N = G' . Consider first the case 
when n = 2 and H is the untwisted G'-fibre product in G 2 . Fix a finite 
generating system {x±, . . . , x s } of G. For i = 1, . . . , s let gi := (xi, 1), hi := 
(l,Xi),ti := (xi,Xi) € G 2 . We claim that the finite family 

generates H. Observe first that all of its elements lie in H. Moreover, since 
the elements ti(G 2 )' generate H/ (G 2 )' , the claim will follow if we show that 
(G 2 )' = (G') 2 is ^-generated by {[gi,gj], [K, hj]}x<i,j< s (i-e., if we show 
that the smallest subgroup of (G') 2 which is normal in H and contains that 
family is the whole (G 2 )'). But this is a consequence of the well known fact 
that G' is G-generated by {[x{, %j]}i<ij<s- (Which in turn follows from the 
equations [gxi,h] = x7 [g, h]xi[xi, h]). 

Now, let tp be an automorphism of Q = G/G' acting trivially on t(Q). 
Denote by r the torsion free rank of Q, then r < s and we may assume 
that {x\T, . . . , x r T} is a generating system for G/T = Q\ := Q/t(Q). If we 
write Q\ additively, (p can be expressed using an invertible integer matrix 
A = (aij). With multiplicative notation we have ip(xiT) = ...x r % ' r T. 
Let yi := x"*' 1 . . . x^' T for 1 < i < r and if r < s set yi = X{ for r < i < s. 
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We claim that {y\, . . . ,y s } is also a generating system of G. Since A can 
be written as a product of integer elementary matrices, by writing if as 
composition of the associated maps, we see that it suffices to consider the 
case when there are 1 < u ^ v < r and t G Z such that = X{ for i ^ v 
and y v = x v x t u . But then x v = y v x~ l = y v y^ 1 so the claim follows. Now, 
the obvious modification of the first part of the proof (taking t{ = (yi,Xi), 
9i = (Uii 1) and hi = yields a generating family of Hn^y The case 

of an arbitrary n follows exactly in the same way. □ 

Remark 3.3. In general, applying naively an automorphism of an abelian 
non-torsion free quotient to a family of generators does not yield a new 
family of generators. A trivial example is G^ =< t >, N =< t 3 >. In 
G/N = C3 we have the automorphism tN 1— > t 2 N but t 2 does not generate 
the whole group. 

Let ip be an automorphism of Q = G/N acting trivially on t(Q). Then 
if acts on S(Q) = S(Q/t(Q)) via ip( X ) := X f 1 - As S(Q) and S(G,N) 
can be naturally identified via the projection map p : G —> Q, this yields an 
action of ip on S(G, N) (another way to argue is to proceed as in the proof of 
Lemma [3. H and consider the action of if on the whole S(G), which preserves 
S(G,N) setwise). To avoid unnecessary complications, we are not going to 
distinguish in what follows between S(G,N), i.e., characters of G vanishing 
in iV and S(Q), i.e., characters of Q. In the particular case when ip can be 
lifted to an automorphism of G, it preserves the subset XI 1 (G) n S(G,N), 
but this is not true in general. 

Theorem 3.4. Let N be a normal subgroup of the finitely presented (resp. 
^^2) group G, f an automorphism of Q := G/N acting trivially on t(Q) 
and 4> '■= (Ly?)- Then the ^-twisted N -fibre product of G 2 , H^, is finitely 
presented (resp. FP 2 J if and only if S 1 (G) C n S(G,N) and ^(S 1 (C) C n 
S(G,N)) are relatively tame. 

Proof. As (G 2 )' < H,/,, [9] Remark 6.5 and Theorem B imply that is 
finitely presented if and only if S(G 2 ,H ( p) C S 2 (G 2 ) and the analogous 
statement in the FP2 case. A first obvious observation is that S(G 2 ,H ( j > ) C 
S(G, N) * S(G, N). Let [ X ] = [(xi, X2)] G S(G, N) * S(G, N) and let g x G G, 
q := giN <E Q. Choose g 2 G p^ 1 ((j)" 1 (q)) , then (51,52) G thus 

x{gi,92) = xi(gi) + X2fe) = xi(gi) + X2(f~ 1 (q)) = (xi + f(x2))(gi)- 

Therefore < Kerx if and only if \i + fixz) = 0- This means that 
Hff, is finitely presented if and only if for any pair [(xi>X2)] G S(G,N) * 
S{G,N) such that xi + ¥>(xa) = 0, we have [(xi,X2)] G S 2 (G 2 ). By ©, 
[(Xi,X2)] G S 2 (G 2 ) if either G S X (G) or [ X2 ] 6 ^(G). Thus ^ is 
finitely presented if and only if for any pair [(xi>X2)] G S(G,N) * S(G,N) 
such that Xi + X2 = 0, we have either [xi] G S X (G) or [x 2 ] G f(Ei(G)). □ 

Corollary 3.5. Let N be a normal subgroup of the finitely presented group G 
(resp. FP2^. Then the untwisted N -fibre product of G 2 is finitely presented 
(resp. FP 2 ) if and only i/S 1 (G) c n S(G,N) is 2-tame. 

Example 3.6. Let G be a finitely presented group with no non abelian 
free subgroups. Then for any quotient T of G, S 1 (T) C is 2-tame. This is 
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Corollary B 1.10 in [27]. See also Theorems A 5.1 and A 5.15. So we deduce 
that for such groups T any untwisted normal fibre product in T 2 is finitely 
presented. This happens for example for any quotient of any subgroup of 
the Thompson group F. 

Example 3.7. Let G be a group with G' finitely generated. Then = 
S(G) thus S 1 (G) C = is 2-tame and in fact m-tame for any m. Then 
Theorem [331 implies that any normal fibre product of G 2 is finitely presented, 
moreover, in this case any normal subdirect product is. This is a particular 
case of the 1-2-3 Theorem since in this case the quotient group Q = G/G' 
is of type F^. 

In the previous two examples, the hypothesis of Corollary [33] are satisfied. 
Moreover, Example 13.71 is an extreme case. Now we consider the other 
extreme case. 

Example 3.8. Let G be a free non abelian group. Then = ([27! 

A 2.1a 3)) thus for any ./V normal in G with G' < A and G/N of rank 
at least one, S 1 (G) C n S(G,N) = S(G,N) which is not 2-tame. The same 
happens for the following groups ([27J Proposition B3.2): Let T be a finitely 
generated group that admits a presentation with k > 2 generators and n 
relators. Let G be a quotient G = T/M with M < r"(r') p for some prime 
p. Assume that 

(i) either n < k — 1, 

(ii) or n = k — 1, one relator is a proper power, say r = w k , and p is a 
prime number dividing k. 

Then Y> l (G) = 0. Therefore no normal fibre product of G 2 and more in 
general, no normal subdirect product can be finitely presented unless it has 
finite index in G 2 . As a particular case, we see that for any 1-relator group 
G, = unless G is cyclic or 2-generated. 

Remark 3.9. If G is a free or limit group, then = (|27j. |22j ) so we 

deduce that no normal fibre product in G 2 can be finitely generated. But 
by [H], |13j . |22] a much stronger result holds since in this case no subdirect 
product can be finitely presented unless it has finite index in G 2 . 

Lemma 3.10. Let N < G be a normal subgroup of the finitely presented 
group G such that S 1 (G) C n S(G,N) is not 2-tame. Then there is some 
finitely presented twisted N-fibre product in G 2 if and only is there is some 
ip automorphism of G/N such that 99(S 1 (G) c nS'(G, A)) C T.\G) D S (G , N) . 

Proof. Let <j) = (1, —ip). We claim that the </>-twisted A-fibre product of G 
is finitely presented. To see it we only have to check that E 1 (G) C n S(G, N) 
and -Lp(T}{G) c n S(G,N)) are relatively tame. But since -< / 9(S 1 (G) c n 
S(G,N)) C -Si(G) n S(G, N), this is obvious (if [ X ] € S 1 (G) C n S(G, N) 
and [fj] £ £i(G) H S(G, N) are such that \ — \x = 0, we would have x = A 4 
which is a contradiction). 

Conversely, if the 0-twisted A-fibre product of G is finitely presented, then 
S 1 (G) c n5(G, N) and -<^(S 1 (G) c )n5(G, N) are relatively tame. If there is 
some [ X ] G ^(S 1 (G))nS 1 (G) c n5(G, A), then [- X ] G -^(S 1 (G) c )n5(G, A) 
and we would have a contradiction. Thus ^(E^G) n S(G, A)) C E X (G) n 
5(G,A). □ 
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Let N be a normal subgroup of G with G' < N . Let k be the torsion 
free rank of Q := G/N. If <p is an automorphism of Q acting trivially on 
t(Q), it obviously yields a linear map of R fc which preserves the lattice Z fc . 
Conversely, any linear map of R fc inducing a bijection in Z fc can be seen as 
coming from an automorphism of Q/t(Q). Fix qi, ■ ■ ■ ,Qk generating Q/t(Q), 
we can identify R fc with the set of characters x '■ G — > R with x|jv = 0- Under 
this identification the vector v = (vi, ■ ■ ■ , Vf~) corresponds to the character X 
with x(Qi) = v i- Then for the class [x] is identified with the ray from 

the origin containing the vector v which we denote [v] = {\v | A > 0} and 

S(Q) = {[v] \ 0^ve R k }. 

For any SlCR k , let 

[O] = {[v] \ 0^ven}. 
3.1. A^-fibre products with G/N of small rank. 

Proposition 3.11. Let N be a normal subgroup of the finitely generated 
group G with G/N of torsion free rank 1. The following conditions are 
equivalent. 

i) The untwisted N -fibre product in G 2 is finitely presented. 

ii) There is some finitely presented N -fibre product in G 2 . 
hi) E 1 (G)nS(G,N) /0. 

Proof. Obviously, i) implies ii). If ii) holds, then £ X (G) n S(G,N) / by, 
for example, Theorem^l Finally, if T l 1 (G)nS(G, N) ^ 0, then, since G/N 
has torsion free rank 1, S(G, N) has only two points so E 1 (G) C n S(G, N) is 
2-tame. We get i) by Corollary 13.51 □ 

Theorem 3.12. Let N be a normal subgroup of the finitely generated group 
G with G/N of torsion free rank 2. The following conditions are equivalent. 

i) There is some finitely presented N -fibre product in G 2 . 

ii) There is some [x] G T, 1 (G)C)S(G, N) with [- X ] G E 1 (G) n S(G, N). 
hi) There is some [x] G S 1 (G) (~)S(G,N) discrete with [~x] G S X (G) n 

S(G,N). 

iv) G =< t > kK where K is a finitely generated group with N < K. 

Proof. The equivalence between hi) and iv) follows using |27] Corollary A4.3 
(take K = Kerx, t with x(t) = 1> observe that since [x] G S(G,N) this 
implies N < K), Proposition B2.9, Theorem B3.5 and Proposition B3.15. 
Obviously, hi) implies ii) and the converse follows from the fact that the 
rational numbers are dense in R, thus the discrete characters are also dense 
in S X (G) n S(G, N) (recall that E 1 (G) is open, see [27] Theorem A3.3). 

Assume now i). In the case when E 1 (G) c n5(G, N) is not 2-tame, there are 
[xL [~x] G S 1 (G) c nS'(G, N). By Lemma l3.1Ul there is some if automorphism 
ofZ 2 such that (^(S 1 (G) c n5(G,iV)) C S 1 (G)n5(G, N). Then for p := <p( x ), 
[/j], [—fJb] G S X (G) n S(G,N) so we have ii). So we are left with the case 
when S 1 (G) C n S(G,N) is 2-tame. Let [x] G S(G,N) be in the boundary 
of the closed set S 1 (G) C n S(G, N). By tameness, [~x] £ S X (G) n 5(G, iV). 
Taking into account again that S X (G) is open we see that we may choose a 
[pi] G S X (G) n 5(G,iV) "close" to [- X ] so that [-fj] G S X (G) n S(G,N). 
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Finally, we assume that iii) holds and want to prove i). We may assume 
that E 1 (G) c (~l S (G , N) is not 2-tame. Choose a vector v = (^1,^2) £ <Z 2 such 
that [v] corresponds to [x] (the components v% and V2 lie in Z because \ is 
discrete). By applying a suitable automorphism of Z 2 if necessary, we may 
assume that < t>i , t>2 • We may also choose v so that v± , V2 are coprime so 
there exist integers s, t such that v\s — i^i = 1. Let m be an integer and put 
w\ = t + mvi, W2 = s + mv2, then ^1^2 — V2W1 = 1. Therefore 

I Wl Vl I I I 

W2 V2 'V2(s + mV2) 

which means that if [fi] is the character associated to w := (w\,W2), then 
making m big we can make [x], \p] as close as we want. In particular, since 
is open, we can choose an m so that the whole closed arcs between 
[x] and [/j] and between [~x] and [— fj] lie in nS(G, N). Let (p be the 

linear map defined by f(v) = —w, (p(w) = v. Then from the fact that the 
matrix with columns w, v is an invertible integer matrix follows easily that 
(p restricts to a bijection of 1? . Consider the following open subsets of R 2 : 

ill bounded by the rays from the origin containing w and —v, 

O2 bounded by the rays from the origin containing —w and v. 

Then E 1 (G) c n5(G,iV) C [Cli U fi 2 ] H 5(G, iV) and ^([fii Ufi 2 ] n5(G, JV)) C 
E X (G) n S(G,N). Using Lemma [530] we have i). 

□ 

3.2. One relator groups. We are going to apply Theorem 13.121 to one- 
relator groups. Note that by Remark 13.81 we only have to consider the 
case of 2- generated 1-relator groups, since if the number of generators is 
bigger, then S X (G) is empty and if the group is cyclic, S X (G) = S(G). For 
these groups we have a very nice way to compute S 1 (G) known as Brown's 
algorithm that can be found in |27j . 

Our first result deals with the case when the relator has the form u = v 
where u, v are positive words on the generators so that the sum of the 
exponents of each of the generators in u equals that in v. These groups 
have been considered by Baumslag in [2j (without the assumption of being 
2-generated) , see also [27J B4.2a. Note that the condition on the exponents 
implies that G/G' has rank 2. 

Theorem 3.13. Let G be a 2-generated 1-relator group such that the relator 
has the form u = v where u, v are positive words on the generator so that 
the sum of the exponents of each of the generators in u equals that in v. 
Then there is some finitely presented twisted G' -fibre product in G 2 . 

Proof. Let ^1,^2, ^3, ^4 denote the first, second, third and fourth open 
quadrants of M 2 i.e., U\,U2 > for (ui,-^) € Oi, u% < 0, U2 > for f2 2 , 
ui 3 «2 < for and u\ > 0, U2 < for O4. Using Brown's procedure (see 
[27] B4.2a) it is easy to prove that [Oi U fl 3 } C E X (G). Let (21,22) G f2i 
and consider the character x with x( a ) = x ii x(b) = 22. As 21,22 > 0, if 
we denote by ui,U2, ■ ■ ■ , u resp. vi,V2, ■ ■ ■ ,v the initial resp. final subwords 
of length 1,2,... of u resp. v, we have 

X(ui) < X(u 2 ) < ... < x(u) > x{uv^ 1 ) > x{uv2 l ) > ■■■ Xiuv' 1 ) = 0. 
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As x reaches its minimum exactly once in this sequence (since < x( u i))j we 
deduce \ 6 Now, let % De the character associated to {x\,x-i) G ^3, 

i.e., x\,X2 < 0. When we apply % to iti, it2, . . . , u, wj" 1 , . . . , uv~ l we obtain 
the same as before but reversing all the inequalities. Thus now x( u ) is t ne 
minimum and it is reached exactly once thus x £ This means that 

the result follows from Theorem 13.121 But in this case it is easy to find a 
suitable 99 more explicitly. 

Let tpi be the automorphism of Z 2 given by the matrix 



Then 991(^2) C ^3 (Q, is the closure of Jlj) and 991(^4) C f^. Let Wi : = 
(2, 1) and W2 ■= (1, 1). Let 992 be the automorphism of Z 2 given by (1, 0) h-> 
iui, (0, 1) 1 — ^ 1^2* Then 992 is an automorphism of Z 2 with 922(^1) C fii and 
^2(^3) C Q3. Finally, put 99 := 932 V 9 !- Then 



^(E X (G) C ) c 99 2 o ^([^2 u n 4 ]) c v9 2 ([^i u Hi]) c [Oi u o 3 ] c e\g). 



with x(a) = — 1, x(6) = 2. Obviously, it is not 2-tame thus the untwisted 
G'-fibre product in G 2 is not finitely presented. However, for any 99 au- 
tomorphism of Z 2 such that 1,2) 7^ (— 1, 2), (1, — 2), the corresponding 
twisted G'-fibre product is finitely presented. 

Proposition 3.15. Let G be a 2-generated 1-relator group with generators 
a, b and relator r and assume that G/G' has torsion free rank 2. Then there 
is a finitely presented G'-fibre product in G 2 if and only if there is some 
discrete character x of G with x( a )iX(°) such that if r\, j"2, . . . ,r are 
the initial subwords of r, the sequence x( r i)i x( r 2)> • • • > x( r ) reaches both its 
maximum and its minimum exactly once. 

Proof. Note that the maximum in the sequence x( r i) is precisely the min- 
imum of the same sequence but with —\ instead. By Brown's procedure 
the existence of such x is equivalent to the existence of a discrete character 
with xi a ),x(b) 7^ and with [x], [— x] €= S 1 (G). Assume that there is some 
\i discrete with [—fj] € S 1 (G), the fact that S X (G) is open implies that 
there is some x i n the same conditions and with x{ a )-,x{b) 0. So the result 



3.3. Right angled Artin groups. Let A be a flag complex and Ga the 
associated right angled Artin group. If S C V(A) is a subset of vertices we 
denote by Ag the smallest subcomplex of A containing S and set G5 := Ga s 
seen as a subgroup of G. By [27] Proposition A4.14 if G is not abelian, 




□ 




follows by Theorem 13. 121 



□ 



(3) 




ses 
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where S is the set of subsets S C V(A) such that the subcomplex of A 
obtained by removing the vertices in S is disconnected and S is minimal 
with respect to that property. 

Theorem 3.16. Let G := Ga be a right- angled- Artin group. Then 

i) The untwisted G' -fibre product of G 2 is finitely presented if and only 
if G is abelian. 

ii) Let k = |V(A)|. Then there is some twisted finitely presented G' - 
fibre product in G 2 if and only if for any S € S, k < 2\S\. 

Proof. For i) observe that for any S C S, S(G, Gs) is never 2-tame. Now, 
if G is abelian, the result is obvious. Conversely, assume S = 0. If there 
were two vertices s±,S2 € V(A) which are not connected then the removal 
of all the other vertices would yield a disconnected complex which is a con- 
tradiction. Thus all the vertices are pairwise connected and therefore G is 
abelian. 

For ii), note that Lemma 13.101 implies that there is a finitely presented 
twisted G'-fibre product in G 2 if and only if there is some p> automorphism 
of Z fc such that <^(E 1 (G ! ) C ) C E 1 (G). Put S = {Si,...,S t } and denote 
by U{ the subvector space of M fc generated by S(G, G^J. Our condition is 
equivalent to the existence of ip automorphism of Z fc such that 

(4) for any 1 < i,j < t, <p{U{) n Uj = 0. 

As k — \ Si\ = dimUi = dim<^(C/j), if (UJ) holds true, then 2fe — | jS^ | — | jS^- ] < k 
thus k < \Si\ + \Sj\. By choosing i = j we get the condition in b) . 

So now we assume that k < 2\S\ for any S € S, i.e., that 2dim[/j < k 
for i = 1, . . . ,t. We claim that there is some tp automorphism of Z fc as in 
If we denote Tj = V(A) \ Si, then Ui is the vector space generated 
by S , (Gr i ). Note also that we may label the canonical basis of M fc with the 
elements in V(A) and under this labeling, Ui is generated precisely by those 
vectors corresponding to the vertices in T». Enlarging each Ui if necessary, 
we may assume that for i = l,...,t, r := dimC/j = \_k/2\ where [k/2\ is 
the integer part of k/2 and keep the property of being spanned by vectors 
in the canonical basis. We may moreover enlarge the family {U\, . . . , Ut} to 
include all the r-dimensional subspaces generated by a subset of r vectors 
inside the canonical basis, since Q for the enlarged set implies (HD for the 
original one. In particular, we assume now that t is the number of subsets 
of {1, . . . , k} consisting of precisely r elements. 

By Lemma 13.171 below there is an integer k x fc-matrix A with det A = 
1 having all its minors positive. Let (p be the automorphism of Z fc with 
associated matrix A in the canonical basis. We claim that this (p satisfies 
condition @. To do not have to distinguish between the cases when k is odd 
or even it will be convenient to denote by {Vi, . . . , V s } the set {Ui, . . . , Ut} 
if k is even, and the set of all subspaces spanned by a subset of r + 1 vectors 
in the canonical basis if k is odd. Then in both cases if 

(5) Vi n ip(Uj) = for any 1 < % < s, 1 < j < t, 

condition will follow. For any 1 < i < s, 1 < j < t, let A% be the 
k x /c-matrix having as first columns the vectors generating V% in their nat- 
ural order and as last r columns the result of multiplying A by the vectors 
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generating Uj again in their natural order. Obviously, © is equivalent to 
det Aij 7^ for any l<i<s,l<j<t. But one easily checks that each 



detAij is a minor of the matrix A thus det-Ajj > 0. 



□ 



Lemma 3.17. For any k > there exists a symmetric integer k x k-matrix 
Ak such that all its minors are positive and detA k = 1. 

Proof. We proceed by induction, the case k = 1 being obvious. Now, assume 
we have already A/.. We claim that there are integers a\, . . . , a k , b such that 
the matrix 



/ 



A 



k+l 



A, 



J 



\ ai ■ ■ a k 

has the desired properties. We need all the minors of ^4fc+i to be positive 
but by [T7] Theorem 4.1, it suffices to consider the minors of a very special 
form, namely, those minors obtained from consecutive rows and columns 
which include either the first row or the first column (called row-initial or 
column-initial minors). By induction, all are positive except of possibly 
those in the upper right corner and those obtained by transposition of these 
ones. Obviously, we may choose a\ > 0, then 02 so that the 2 x 2-minor in 
the right upper corner is positive and so on until we have integers a±, . . . , a k - 
Then we have for certain integers mi, . . . , m k (which are also minors of ^4fc+i) 

det^4fc +1 = (— l) fc+2 aimi + . . . — a k m k + Met^. 

As det^4fc = 1, if we put b = 1 — (— l) fc+2 aimi + . . .+afcmfc, we get detA^+i = 
1. (Note that [17] Theorem 4.1 implies b > 0). □ 

Example 3.18. Consider the following complexes: 



Ai 



A, 



si 



S2 



•5.3 




Then Gi = G Al = (% 2 ) *z (Z 2 ) and G 2 = GA 2 = (Z 3 ) * Z 2 (Z 3 ). For the 
group G\ there is no finitely presented G'-fibre product in G\, whereas for 
G2 there is some (but not the untwisted one). 

4. Metabelian and virtually solvable groups 

In this section we are going to consider the problem of whether normal 
fibre products inherit higher cohomological finiteness properties of the am- 
bient group but we will restrict ourselves to untwisted fibre products and 
metabelian and virtually solvable groups. For metabelian groups it is very 
easy to show that things are as expected if one assumes what is known as 
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the FP m -conjecture. This conjecture asserts that a metabelian group G is 
of type FP m if and only if E m (G) c is m-tame, i.e., if and only if whenever 
we have [xi], • • • , [Xro] G £ m (G) c , XX=i 7^ 0- It has been proven when 
m = 2 ([IH])) when m = 3 and G is a split extension of abelian groups ([8]) 
and for groups of finite Priifer rank ( [I] ) , see also [21] and [16] for analogous 
results in the torsion case. 

Lemma 4.1. Let m,n > and let G be a metabelian group of type FP m 
belonging to a class of groups closed under subgroups and taking direct prod- 
ucts where the FP m - conjecture is known to be true. Then any untwisted 
normal fibre product H in G n is also of type FP m . 



Proof. By Lemma f3.1l we may assume that H is the untwisted G'-fibre prod- 
uct. Let Q = G/G', A = G' . By the FP m -conjecture E 1 (G) C = Z A (Q) C is 
m-tame. But since B := H' = A X . . . X A and H/H' = Q, we have 
S 1 (if) c = T,a(Q) c by [11] Lemma 1.1 c). The result follows again from the 



In our next result we consider a much more general class of groups but 
we have to pay the price of restricting the finiteness condition. 

Theorem 4.2. Let G be virtually solvable of type FP^. Then for n > 
any untwisted normal fibre product H of G n is also of type FP^. 

Proof. Again, by Lemma [3. II we only have to consider the untwisted G'-fibre 
product H. Virtually solvable groups of type FP^ are virtually nilpotent- 
by-abelian (and constructible) ([IH], |24j). Let T be a finite index normal 
nilpotent-by-abelian subgroup of G and let Hp be the untwisted normal fibre 
product of T, observe that H r < Hn(T n ). Note that (r n )' < (G™)' and 
that T is FPoo. Assume that H T is FP^. We claim that also Hn(T n ) is. To 
see it essentially one only has to use [9] Theorem B since for any \ € S(T n ) 
such that H n (r n ) < Kerx we have H T < Kerx thus x G S°°(r n , Z). Now, 
as H n (r n ) has finite index in H we deduce that H is FP^ too. This means 
that we may assume that G is nilpotent-by-abelian. 
From [25] Corollary 5.2 we deduce that 




where convE 1 (G) c denotes the convex hull of Sigma 1 (G) c , i.e., {[xi + • • • + 
Xl] I Xl) • • • j Xl G S 1 (G) C }. Moreover, by [I] Proposition IV 2.2 and Theorem 
IV 1.1, S 1 (G) C is oo-tame, i.e. m-tame for any m thus S°°(G, Z) c is also 
oo-tame. 

Now, let (0, . . . , 0) ^ x = (xi> ■ • • > Xn) t> e a character of G n and assume 
that H < Kerx. This means that for any g € G, x(<7> • • • j <?) = Yl Xi(d) = 0. 
Thus there is some i with Xi G S°°(G, Z). 

Meiner's inequality in the product formula ([7] Theorem 1.2) implies that 
X G S°°(G, Z). Finally, by [9j Theorem B we deduce that H is FPoo. □ 

Question 4.3. Let n, m > and G virtually solvable of type FP m . When 
is the untwisted normal fibre product in G n also of type FP m ? 

Since the key point in the proof of Proposition 14.21 was equation ([6]) , the 
answer will be yes at least when the analogous formula holds for m. The 



FP m -conjecture. 



□ 




(6) 



£°°(G,Z) C = convS 1 (G) c 
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subindex < i in the statement means that only sums in the convex hull of 
less than i characters are considered. 

Proposition 4.4. Let n, m > and let G be a virtually solvable group of 
type FP m . Assume that there is some finite index normal subgroup T such 
that for any < i < m, 

(7) conv<iY}{T) c = £*(r,Z) c . 

Then any untwisted normal fibre product H of G n is of type FP m . 

Proof. Again, it suffices to consider the case when H is the untwisted normal 
fibre product of G. With the same argument as at the beginning of the proof 
of Proposition 14,21 we may assume that V = G, i.e., that the formula of ([7]) 
holds true for G. Let ^ x = {Xli ■ ■ ■ iXn) De a character of G n with 
H < Kerx thus Yl Xi = 0. We claim that whenever < i±, . . . , i n are such 
that J^ij = m and ij = if and only if Xj = 0, there is some I with [xi] € 
T, 1 ' (G, Z) (in particular, xi ^ 0). Observe first that we must have ij < m for 
1 < j < n since in other case Xi = f° r an Y * 7^ 3- If tb e claim were false, we 
would have for any j with ^ Xj-> that Xj 6 S Jj (G, Z) c = conv<i 3 S 1 (G) c . 
Expressing a s a sum of at most ij characters all in S 1 (G) C and taking 
into account that ^ Xi = 0> we would have a set of at most m characters in 
S 1 (G) C summing up 0, a contradiction with the fact that E 1 (G) C is m-tame 
([1] Proposition IV 2.2 and Theorem IV 1.1). The rest of the proof is exactly 
as in Proposition 14.21 

□ 

Remark 4.5. Let m > or m = oo. A group is of type F m if and only if 
it is of type FP m and finitely presented. So one can write down versions of 
Proposition 14.21 and 14.41 for F m and the same can be done with Question 14.31 

Question 4.6. What can be said for the property of having finitely gener- 
ated homology groups? 
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